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Abstrat
We show that any two-dimensional odd dihedral representation ρ over a nite eld
of harateristi p > 0 of the absolute Galois group of the rational numbers an be
obtained from a Katz modular form of level N , harater ǫ and weight k, where N
is the ondutor, ǫ is the prime-to-p part of the determinant and k is the so-alled
minimal weight of ρ. In partiular, k = 1 if and only if ρ is unramied at p. Diret
arguments are used in the exeptional ases, where general results on weight and level
lowering are not available.
MSC Classiation: 11F11, 11F80, 14G35
1 Introdution
In [S1℄ Serre onjetured that any odd irreduible ontinuous Galois representation ρ :
GQ → GL2(Fp) for a prime p omes from a modular form in harateristi p of a ertain
level Nρ, weight kρ ≥ 2 and harater ǫρ. Later Edixhoven disussed in [E2℄ a slightly
modied denition of weight, the so-alled minimal weight, denoted k(ρ), by invoking
Katz' theory of modular forms. In partiular, one has that k(ρ) = 1 if and only if ρ is
unramied at p.
The present note ontains a proof of this onjeture for dihedral representations. We
dene those to be the ontinuous irreduible Galois representations that are indued from
a harater of the absolute Galois group of a quadrati number eld. Let us mention that
this is equivalent to imposing that the projetive image is isomorphi to a dihedral group
Dn with n ≥ 3.
Theorem 1 Let p be a prime and ρ : GQ → GL2(Fp) an odd dihedral representation.
As in [S1℄ dene Nρ to be the ondutor of ρ and ǫρ to be the prime-to-p part of det ◦ρ
(onsidered as a harater of (Z/(Nρp)Z)
∗
). Dene k(ρ) as in [E2℄.
∗
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Then there exists a normalised Katz eigenform f ∈ Sk(ρ)(Γ1(Nρ), ǫρ,Fp)Katz, whose
assoiated Galois representation ρf is isomorphi to ρ.
We will on the one hand show diretly that ρ omes from a Katz modular form of
level Nρ, harater ǫρ and minimal weight k(ρ) = 1, if ρ is unramied at p. If on the
other hand ρ is ramied at p, we will nish the proof by applying the fundamental work
by Ribet, Edixhoven, Diamond, Buzzard and others on weight and level lowering.
Let us reall that in weight at least 2 every Katz modular form on Γ1 is lassial, i.e. a
redution from a harateristi zero form of the same level and weight. Hene multiplying
by the Hasse invariant, if neessary, it follows from theorem 1 that every odd dihedral
representation as above also omes from a lassial modular form of level Nρ and Serre's
weight kρ. However, if one also wants the harater to be ǫρ, one has to exlude in ase
p = 2 that ρ is indued from Q(i) and in ase p = 3 that ρ is indued from Q(
√−3) (see
[B℄, orollary 2.7, and [D℄, orollary 1.2).
Edixhoven's theorem on weight lowering ([E2℄, theorem 4.5) states that modularity in
level Nρ and the modied weight k(ρ) follows from modularity in level Nρ and Serre's
weight kρ, unless one is in a so-alled exeptional ase. A representation ρ : GQ → GL2(Fp)
is alled exeptional if the semi-simpliation of its restrition to a deomposition group
at p is the sum of two opies of an unramied harater. Beause of work by Coleman and
Voloh the only open ase left is that of harateristi 2 (see the introdution of [E2℄).
Exeptionality at 2 is a ommon phenomenon for mod 2 dihedral representations. One
an for example onsider the quadrati eld K = Q(
√
2089) and hek that 2 splits om-
pletely in the Hilbert lass eld of K, whih has degree 3 over K, whene the assoiated
dihedral Galois representation is exeptional. Another type of example is provided by the
dihedral representation obtained from the Hilbert lass eld H of K = Q(
√
229), whih
also has degree 3. The prime 2 stays inert in OK , so 2OK splits ompletely in H , whene
the restrition of the orresponding dihedral representation to a deomposition group at 2
is yli of order 2 and thus is also exeptional.
Let us point out that some of the weight one forms that we obtain annot be lifted to
harateristi zero forms of weight one and the same level, so that the theory of modular
forms by Katz beomes neessary. Namely, if p = 2 and the dihedral representation in ques-
tion has odd ondutor N and is indued from a real quadrati eld K of disriminant N ,
whose fundamental units have norm −1, then there does not exist an odd harateris-
ti zero representation with ondutor dividing N that redues to ρ. The representation
oming from the quadrati eld Q(
√
229) used above, an also here serve as an example.
The fat that dihedral representations ome from some modular form is well-known
(apparently already due to Heke). So the subtle issue is to adjust the level, harater and
weight. It should be noted that Rohrlih and Tunnell solved many ases for p = 2 with
Serre's weight kρ by rather elementary means in [R-T℄, however, with the more restritive
denition of a dihedral representation to be suh that its image in GL2(F2), and not in
PGL2(F2), is isomorphi to a dihedral group.
Let us also mention that it is possible to do omputations of weight one forms in positive
harateristi on a omputer (see [W℄) and thus to ollet evidene for Serre's onjeture
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in some ases.
This note is organised as follows. The number theoreti ingredients on dihedral repre-
sentations are provided in setion 2. In setion 3 some results on oldforms, also in positive
harateristi, are olleted. Setion 4 is devoted to the proof of theorem 1. Finally, in
setion 5 we inlude a result on the irreduibility of ertain mod p representations.
2 Dihedral representations
We shall rst reall some fats on Galois representations. Let ρ : GQ → GL(V ) be a
ontinuous representation with V a 2-dimensional vetor spae over an algebraially losed
disrete eld k.
Let L be the number eld suh that Ker(ρ) = GL (by the notation GL we always mean
the absolute Galois group of L). Given a prime Λ of L dividing the rational prime l, we
denote by GΛ,i the i-th ramiation group in lower numbering of the loal extension LΛ|Ql.
Furthermore, one sets
nl(ρ) =
∑
i≥0
dim(V/V GΛ,i)
(GΛ,0 : GΛ,i)
.
This number is an integer, whih is independent of the hoie of the prime Λ above l. With
this one denes the ondutor of ρ to be f(ρ) =
∏
l l
nl(ρ), where the produt runs over all
primes l dierent from the harateristi of k. If k is the eld of omplex numbers, f(ρ)
oinides with the Artin ondutor.
Let ρ be a dihedral representation. Then ρ is indued from a harater χ : GK → k∗
for a quadrati number eld K suh that χ 6= χσ, with χσ(g) = χ(σ−1gσ) for all g ∈ GK ,
where σ is a lift to GQ of the non-trivial element of GK|Q. For a suitable hoie of basis we
then have the following expliit desription of ρ: If an unramied prime l splits in K as
Λσ(Λ), then ρ(Frobl) =
(
χ(FrobΛ) 0
0 χσ(FrobΛ)
)
. Moreover, ρ(σ) is represented by the
matrix
(
0 1
χ(σ2) 0
)
. As ρ is ontinuous, its image is a nite group, say, of order m.
Lemma 2 Let ρ : GQ → GL2(Fp) be an odd dihedral representation that is unramied
at p. Dene K, χ, σ and m as above. Let N be the ondutor of ρ. Let ζm a primitive
m-th root of unity and P a prime of Q(ζm) above p.
Then one of the following two statements holds.
(a) There exists an odd dihedral representation ρ̂ : GQ → GL2(Z[ζm]), whih has Artin
ondutor N and redues to ρ modulo P.
(b) One has that p = 2 and K is real quadrati. Moreover, there is an innite set S
of primes suh that for eah l ∈ S the trae of ρ(Frobl) is zero, and there exists an
odd dihedral representation ρ̂ : GQ → GL2(Z[ζm]), whih has Artin ondutor Nl and
redues to ρ modulo P.
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Proof. Suppose that the quadrati eld K equals Q(
√
D) with D square-free. The
harater χ : GK → k∗ an be uniquely lifted to a harater χ˜ : GK → Z[ζm]∗ of the same
order, whih redues to χ modulo P. Denote by ρ˜ the ontinuous representation Ind
GQ
GK
χ˜.
For the hoie of basis disussed above the matries representing ρ an be lifted to matries
representing ρ˜, whose non-zero entries are in the m-th roots of unity. Then for a subgroup
H of the image ρ(GQ), one has that (Fp
2
)H is isomorphi to (Z[ζm]
2)H ⊗ Fp. Hene the
ondutor of ρ equals the Artin ondutor of ρ˜, as ρ˜ is unramied at p. Alternatively,
one an rst remark that the ondutor of χ equals the ondutor of χ˜ and then use the
formulae f(ρ) = NormK|Q(f(χ))D and f(ρ˜) = NormK|Q(f(χ˜))D.
Thus ondition (a) is satised if ρ˜ is odd. Let us now onsider the ase when ρ˜ is even.
This immediately implies p = 2 and that the quadrati eld K is real, as is the number
eld L whose absolute Galois group GL equals the kernel of ρ, and hene also the kernel
of χ˜. We shall now adapt Serre's trik from [R-T℄, p. 307, to our situation.
Let f be the ondutor of χ˜. As L is totally real, f is a nite ideal of OK . Via lass eld
theory, χ˜ an be identied with a omplex harater of CLfK , the ray lass group modulo f.
Let ∞1,∞2 be the innite plaes of K. Consider the lass
c = [{(λ) ∈ CL4Df∞1∞2K | Norm(λ) < 0, λ ≡ 1mod 4Df}]
in the ray lass group of K modulo 4Df∞1∞2. By Cebotarev's density theorem the primes
of OK are uniformly distributed over the onjugay lasses of CL4Df∞1∞2K . Hene, there are
innitely many primes Λ of degree 1 in the lass c. Take S to be the set of rational primes
lying under them. Let a prime Λ from the lass c be given. It is prinipal, say Λ = (λ),
and oprime to 4Df. By onstrution we have c2 = [Λ2] = 1. As CLfK is a quotient of
CL4Df∞1∞2K , the lass of Λ in CL
f
K has order 1 or 2. Sine p = 2, the harater χ has odd
order and we onlude that χ(Λ) = 1.
We have λ ≡ 1mod 4Df and Norm(λ) = −l for some odd prime l. Hene, the extension
K(
√
λ) has signature (2, 1) and is unramied at 2 and at the primes dividing Df. We
represent K(
√
λ) by the quadrati harater ξ : GK → {±1}. For the omplex onjugation,
the innite Frobenius element, Frob∞1, we have that ξ(Frob∞1)ξ
σ(Frob∞1) = −1. We
now onsider the representation ρ̂ obtained by indution from the harater χ̂ = χ˜ξ. Using
the same basis as in the disussion at the beginning of this setion, an element g of GK
is represented by the matrix
(
χ˜(g)ξ(g) 0
0 χ˜σ(g)ξσ(g)
)
. In partiular, we obtain that the
determinant of Frob∞ over Q equals −1, whene ρ̂ is odd. Moreover, as l splits in K, one
has that ρ(Frobl) is the identity matrix, so that the trae of ρ(Frobl) is zero.
The redution of ρ̂ equals ρ, as ξ is trivial in harateristi 2. Moreover, outside Λ the
ondutor of χ̂ equals the ondutor of χ˜. At the prime Λ the loal ondutor of χ̂ is Λ,
as the ramiation is tame. Consequently, the Artin ondutor of ρ̂ equals Nl. 
Also without the ondition that it is unramied at p, one an lift a dihedral represen-
tation to harateristi zero, however, losing ontrol of the Artin ondutor.
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Lemma 3 Let ρ : GQ → GL2(Fp) be an odd dihedral representation. Dene K, χ, m, ζm
and P as in the previous lemma.
There exists an odd dihedral representation ρ̂ : GQ → GL2(Z[ζm]), whose redution
modulo P is isomorphi to ρ.
Proof. We proeed as in the preeding lemma for the denitions of χ˜ and ρ˜. If ρ˜
is even, then p = 2 and K is real. In that ase we hoose some λ ∈ OK − Z, whih
satises Norm(λ) < 0. The eld K(
√
λ) then has signature (2, 1) and gives a harater ξ :
GK → Z[ζm]∗. As in the proof of the preeding lemma one obtains that the representation
ρ̂ = Ind
GQ
GK
χ˜ξ is odd and redues to ρ modulo P. 
3 On oldforms
In this setion we ollet some results on oldforms. We try to stay as muh as possible in
the harateristi zero setting. However, we also need a result on Katz modular forms.
Proposition 4 Let N, k, r be positive integers, p a prime and ǫ a Dirihlet harater of
modulus N . The homomorphism
φNpr :
(Sk(Γ1(N), ǫ,C))r+1 →֒ Sk(Γ1(Npr), ǫ,C), (f0, f1, . . . , fr) 7→ r∑
i=0
fi(q
pi)
is ompatible with all Heke operators Tn with (n, p) = 1.
Let f ∈ Sk(Γ1(N), ǫ,C) be a normalised eigenform for all Heke operators. Then the
forms f(q), f(qp
2
), . . . , f(qp
r
) in the image of φNpr are linearly independent, and on their
span the ation of the operator Tp in level Np
r
is given by the matrix

ap(f) 1 0 0 . . . 0
−δpk−1ǫ(p) 0 1 0 . . . 0
0 0 0 1 . . . 0
.
.
.
0 . . . 0 0 0 1
0 . . . 0 0 0 0


,
where δ = 1 if p ∤ N and δ = 0 otherwise.
Proof. The embedding map and its ompatibility with the Heke ation away from p
is explained in [D-I℄, setion 6.1. The linear independene an be heked on q-expansions.
Finally, the matrix an be elementarily omputed. 
Corollary 5 Let p be a prime, r ≥ 0 some integer and f ∈ Sk(Γ1(Npr), ǫ,C) an eigen-
form for all Heke operators. Then there exists an eigenform for all Heke operators
f˜ ∈ Sk(Γ1(Npr+2), ǫ,C), whih satises al(f˜) = al(f) for all primes l 6= p and ap(f˜) = 0.
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Proof. One omputes the harateristi polynomial of the operator Tp of proposition
4 and sees that it has 0 as a root if the dimension of the matrix is at least 3. Hene one
an hoose the desired eigenform f˜ in the image of φNp
r
p2 . 
As explained in the introdution, Katz' theory of modular forms ought to be used in
the study of Serre's onjeture. Following [E3℄, we briey reall this onept, whih was
introdued by Katz in [K℄. However, we shall use a non-ompatied version.
Let N ≥ 1 be an integer and R a ring, in whih N is invertible. One denes the ategory
[Γ1(N)]R, whose objets are pairs (E/S/R, α), where S is an R-sheme, E/S an ellipti
urve (i.e. a proper smooth morphism of R-shemes, whose geometri bres are onneted
smooth urves of genus one, together with a setion, the zero setion, 0 : S → E) and
α : (Z/NZ)S → E[N ], the level struture, is an embedding of S-group shemes. The
morphisms in the ategory are artesian diagrams
E ′ //

E
S ′ //

S,

whih are ompatible with the zero setions and the level strutures. For every suh
ellipti urve E/S/R we let ωE/S = 0
∗ΩE/S. For every morphism π : E
′/S ′/R → E/S/R
the indued map ωE′/S′ → π∗ωE/S is an isomorphism.
A Katz usp form f ∈ Sk(Γ1(N), R)Katz assigns to every objet (E/S/R, α) of [Γ1(N)]R
an element f(E/S/R, α) ∈ ω⊗kE/S(S), ompatibly for the morphisms in the ategory, subjet
to the ondition that all q-expansions (whih one obtains by adjoining all N-th roots of
unity and plugging in a suitable Tate urve) only have positive terms.
For the following denition let us remark that ifm ≥ 1 is oprime to N and is invertible
in R, then any morphism of group shemes of the form φNm : (Z/NmZ)S → E[Nm] an
be uniquely written as φN ×S φm with φN : (Z/NZ)S → E[N ] and φm : (Z/mZ)S → E[m].
Denition 6 A Katz modular form f ∈ Sk(Γ1(Nm), R)Katz is alled independent of m if
for all ellipti urves E/S/R, all φN : (Z/N)S →֒ E[N ] and all φm, φ′m : (Z/m)S →֒ E[m]
one has the equality
f(E/S/R, φN ×S φm) = f(E/S/R, φN ×S φ′m) ∈ ω⊗kE/S(S).
Proposition 7 Let N , m be oprime positive integers and R a ring, whih ontains the
Nm-th roots of unity and 1
Nm
. A Katz modular form f ∈ Sk(Γ1(Nm), R)Katz is independent
of m if and only if there exists a Katz modular form g ∈ Sk(Γ1(N), R)Katz suh that
f(E/S/R, φNm) = g(E/S/R, φNm ◦ ψ)
for all ellipti urves E/S/R and all φNm : (Z/NmZ)S →֒ E[Nm]. Here ψ denotes the
anonial embedding (Z/NZ)S →֒ (Z/NmZ)S of S-group shemes. In that ase, f and g
have the same q-expansion at ∞.
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Proof. If m = 1, there is nothing to do. If neessary replaing m by m2, we an hene
assume that m is greater equal 3.
Let us now onsider the ategory [Γ1(N ;m)]R, whose objets are triples
(E/S/R, φN , ψm), where S is an R sheme, E/S an ellipti urve, φN : (Z/NZ)S →֒ E[N ]
an embedding of group shemes and ψm(Z/mZ)
2
S
∼= E[m] an isomorphism of group shemes.
The morphisms are artesian diagrams ompatible with the zero setions, the φN and the
ψm as before.
We an pull bak the form f ∈ Sk(Γ1(Nm), R)Katz to a Katz form h on [Γ1(N ;m)]R as
follows. First let β : (Z/mZ)S →֒ (Z/mZ)2S be the embedding of S-group shemes dened
by mapping onto the rst fator. Using this, f gives rise to h by setting
h((E/S/R, φN , ψm)) = f((E/S/R, φN , ψm ◦ β)) ∈ ω⊗kE/S(S).
As f is independent of m, it is lear that h is independent of ψm and thus invariant under
the natural GL2(Z/mZ)-ation.
As m ≥ 3, one knows that the ategory [Γ1(N ;m)]R has a nal objet
(Euniv/Y1(N ;m)R/R, α
univ). In other words, h is an GL2(Z/mZ)-invariant global se-
tion of ω⊗k
Euniv/Y1(N ;m)R
. Sine this R-module is equal to Sk(Γ1(N), R)Katz (see e.g. equation
1.2 of [E3℄, p. 210), we nd some g ∈ Sk(Γ1(N), R)Katz suh that f(E/S/R, φNm) =
g(E/S/R, φNm ◦ ψ) for all (E/S/R, φNm).
Plugging in the Tate urve, one sees that the standard q-expansions of f and g oinide.

Corollary 8 Let N,m be oprime positive integers, p a prime not dividing Nm and ǫ :
(Z/NZ)∗ → Fp a harater. Let f ∈ Sk(Γ1(Nm), ǫ,Fp)Katz be a Katz uspidal eigenform
for all Heke operators.
If f is independent of m, then there exists an eigenform for all Heke operators
g ∈ Sk(Γ1(N), ǫ,Fp)Katz suh that the assoiated Galois representations ρf and ρg are
isomorphi.
Proof. From the preeding proposition we get a modular form g ∈ Sk(Γ1(N), ǫ,Fp)Katz,
noting that the harater is automatially good. Beause of the ompatibility of the em-
bedding map with the operators Tl for primes l ∤ m, we nd that g is an eigenform for
these operators. As the operators Tl for primes l ∤ m ommute with the others, we an
hoose a form of the desired type. 
4 Proof of the prinipal result
We rst over the weight one ase.
Theorem 9 Let p be a prime and ρ : GQ → GL2(Fp) an odd dihedral representation of
ondutor N , whih is unramied at p. Let ǫ denote the harater det ◦ρ.
Then there exists a Katz eigenform f in S1(Γ1(N), ǫ,Fp)Katz, whose assoiated Galois
representation is isomorphi to ρ.
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Proof. Assume rst that part (a) of lemma 2 applies to ρ, and let ρ̂ be a lift provided
by that lemma. A theorem by Weil-Langlands (Theorem 1 of [S2℄) implies the existene of
a newform g in S1(Γ1(N), det ◦ρ̂,C), whose assoiated Galois representation is isomorphi
to ρ̂. Now redution modulo a suitable prime above p yields the desired modular form. In
partiular, one does not need Katz' theory in this ase.
If part (a) of lemma 2 does not apply, then part (b) does, and we let S be the innite
set of primes provided. For eah l ∈ S the theorem of Weil-Langlands yields a newform f (l)
in S1(Γ1(Nl),C), whose assoiated Galois representation redues to ρ modulo P, where P
is the ideal from the lemma. Moreover, the ongruene aq(f
(l)) ≡ 0modP holds for all
primes q ∈ S dierent from l.
From orollary 5 we obtain Heke eigenforms f˜ (l) ∈ S1(Γ1(Nl3),C) suh that al(f˜ (l)) = 0
and aq(f˜
(l)) = aq(f
(l)) ≡ 0modP for all primes q ∈ S, q 6= l. Reduing modulo the prime
idealP, we get eigenforms g(l) ∈ S1(Γ1(Nl3), ǫ,Fp), whose assoiated Galois representations
are isomorphi to ρ. One also has aq(g
(l)) = 0 for all q ∈ S.
The oeients aq(f
(l)) for all primes q | N appear in the L-series of the omplex
representation ρf(l) assoiated to f
(l)
. As the image of ρf(l) is isomorphi to a xed nite
group G, not depending on l, there are only nitely many possibilities for the value of
aq(f
(l)). Hene the same holds for the g(l). Consequently, there are two forms g1 = g
(l1)
and g2 = g
(l2)
for l1 6= l2 that have the same oeients at all primes q | N . For primes
q ∤ Nl1l2 one has that the trae of ρf(l1)(Frobq) is ongruent to the trae of ρf(l2)(Frobq),
whene aq(g1) = aq(g2). Let us point out that this inludes the ase q = p = 2, as the
omplex representation is unramied at p.
In the next step we embed g1 and g2 into S1(Γ1(Nl31l32), ǫ,Fp)Katz via the method in the
statement of proposition 7. As the q-expansions oinide, g1 and g2 are mapped to the
same form h. But as h omes from g2, it is independent of l1 and analogously also of l2.
Sine ρh = ρ, theorem 9 follows immediately from orollary 8. 
We will dedue the ases of weight greater equal two from general results. The urrent
state of the art in level and weight lowering seems to be the following theorem.
Theorem 10 [Ribet, Edixhoven, Diamond, Buzzard,. . . ℄ Let p be a prime and ρ : GQ →
GL2(Fp) a ontinuous irreduible representation, whih is assumed to ome from some
modular form. Dene kρ and Nρ as in [S1℄. If p = 2, additionally assume either (i) that
the restrition of ρ to a deomposition group at 2 is not ontained within the salar matries
or (ii) that ρ is ramied at 2.
Then there exists a normalised eigenform f ∈ Skρ(Γ1(Nρ),Fp) giving rise to ρ.
Proof. The ase p 6= 2 is theorem 1.1 of [D℄, and the ase p = 2 with ondition (i)
follows from propositions 1.3 and 2.4 and theorem 3.2 of [B℄, multiplying by the Hasse
invariant if neessary.
We now show that if p = 2 and ρ restrited to a deomposition group GQ2 at 2 is
ontained within the salar matries, then ρ is unramied at 2. Let φ : GQ → F2∗ be the
harater suh that φ2 = det ◦ρ. As φ has odd order, it is unramied at 2 beause of the
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Kroneker-Weber theorem. If ρ restrited to GQ2 is ontained within the salar matries,
then we have that ρ|GQ2 is
(
φ|GQ2 0
0 φ|GQ2
)
, whene ρ is unramied at 2. 
Proof of theorem 1. Let ρ be the dihedral representation from the assertion. If ρ is
unramied at p, one has k(ρ) = 1, and theorem 1 follows from theorem 9.
If ρ is ramied at p, then let ρ̂ be a harateristi zero representation lifting ρ, as
provided by lemma 3. The theorem by Weil-Langlands already used above (Theorem 1 of
[S2℄) implies the existene of a newform in weight one and harateristi zero giving rise to
ρ̂. So from theorem 10 we obtain that ρ omes from a modular form of Serre's weight kρ
and level Nρ. Let us note that using Katz modular forms the harater is automatially
the onjetured one ǫρ.
The weights kρ and k(ρ) only dier in two ases (see [E2℄, remark 4.4). The rst ase
is when k(ρ) = 1. The other ase is when p = 2 and ρ is not nite at 2. Then one has
k(ρ) = 3 and kρ = 4. In that ase one applies theorem 3.4 of [E2℄ to obtain an eigenform of
the same level and harater in weight 3, or one applies theorem 3.2 of [B℄ diretly. 
5 An irreduibility result
We rst study the relation between the level of an eigenform in harateristi p and the
ondutor of the assoiated Galois representation.
Lemma 11 Let ρ : GQ → GL2(Fp) be a ontinuous representation of ondutor N , and
let k be a positive integer. If f ∈ Sk(Γ1(M), ǫ,Fp)Katz is a Heke eigenform giving rise to
ρ, then N divides M .
Proof. By multiplying with the Hasse invariant, if neessary, we an assume that the
weight is greater equal 2. Hene the form f an be lifted to harateristi zero (see e.g.
[D-I℄, Theorem 12.3.2) in the same level. Thus there exists a newform g, say of level L,
whose Galois representation ρg redues to ρ. Now Proposition 0.1 of [L℄ yields that N
divides L. As L divides M , the lemma follows. 
We an derive the following proposition, whih is of independent interest.
Proposition 12 Let f ∈ Sk(Γ0(N),Fp)Katz be a normalised Heke eigenform for a square-
free level N with p ∤ N in some weight k ≥ 1.
(a) If p = 2, the assoiated Galois representation is either irreduible or trivial.
(b) For any prime p the assoiated Galois representation is either irreduible or orresponds
to the sum of a harater of Q(ζp) and its inverse, where ζp is a primitive p-th root of
unity.
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Proof. Let us assume that the representation ρ assoiated to f is reduible. Sine
ρ is semi-simple, it is isomorphi to the diret sum of two haraters χ1 ⊕ χ2. As the
determinant is 1, we have that χ−12 = χ1. Consequently, the ondutor of ρ is the square
of the ondutor of χ1. Lemma 11 implies that the ondutor of ρ divides N . As we have
assumed this number to be square-free, we have that ρ an only ramify in p.
The number eld L with GL = Ker(ρ) = Ker(χ1) is yli. As only p an be ramied,
it follows that L is ontained in Q(ζpn) for some p
n
-th root of unity. Sine the order of χ1
is prime to p, we onlude that L is ontained in Q(ζp).
So the trae of Frobenius is the sum of a (p − 1)-th root of unity and its inverse. In
harateristi 2 this implies that all traes are zero, whene ρ is the trivial representation.

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